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1 (50pts)．Fill in the blanks（Write your answer on the attached sheet. 5pts/each question） 

(1) Let 𝐴 = [
1 0

−2 1
] [

𝑥 0
0 𝑦

] [
1 0
2 1

] . Find 𝐴𝑘  where 𝑘  is any positive integer. Your 

answer:            

(2) Let 𝐴, 𝐵 be 4 × 4 matrices. 𝑑𝑒𝑡 𝐴 =
1

2
, 𝑑𝑒𝑡 𝐵 = −3, 𝑑𝑒𝑡(2𝐴𝐵−1𝐴−1) =       

(3) Let 𝐴 = [

2 1 2 −1
0 0 −2 0

−1 −4 3 −2
−1 −2 2 −1

]. Compute the cofactors and the determinant.  

𝐶23 =     𝐶33 =     and 𝑑𝑒𝑡 𝐴 =     

(4) Let 𝑆 ⊂ ℝ2 be a parallelogram whose vertices are (0, −1), (1,2), (−1,3), (−2,0). The area 

of 𝑆 is         

(5) Using Cramer’s rule to solve the system of linear equations, 2𝑠𝑥1 + 3𝑥2 = 1, 𝑥1 − 𝑠𝑥2 = 𝑠. 

We know that 𝑥1 =
𝑑𝑒𝑡 𝐴1(𝑏)

𝑑𝑒𝑡 𝐴
. 𝐴 =       ;  𝑑𝑒𝑡 𝐴2 (𝑏) =       

(6) Let 𝑉 ={ differentiable real valued functions on (0,1)} and 𝑊 ={real valued functions on 

(0,1)}. Let 𝐷: 𝑉 → 𝑊 be given by 𝑓 ↦
𝑑𝑓

𝑑𝑥
. The kernel of 𝐷 is the set of       functions on 

(0,1). 𝑑𝑖𝑚 𝑘𝑒𝑟 𝐷 =    ; 𝑑𝑖𝑚 𝑉 =      

(7) A basis of 𝑃2 is given by 1,2𝑡, −2 + 4𝑡2. The coordinate vector of 𝑝(𝑡) = 2𝑡2 + 𝑡 is       

(8) If 𝐴 is a 6 × 4 matrix, what is the smallest possible dimension of Nul A? Your answer:    

(9) Let 𝐴 be a 2 × 2 matrix with eigenvalues 2 and 
1

2
 and corresponding eigenvectors 𝑣1 =

[
1
1

] and 𝑣2 = [
−1
1

]. Let 𝑥𝑘+1 = 𝐴𝑥𝑘 and 𝑥0 = [
2
0

]. From this information we can conclude that 

𝑥1 =      and the equation of the asymptotic line for large 𝑘 is       

 

(10) Let 𝐴 = [

1 1 0 0
0 2 1 0
0 0 2 1
0 0 0 1

]. The number of eigenvalues for 𝐴 is     . List the eigenvalues 

with algebraic multiplicity 2:        



 

2. (10pts) Let 𝐴 = [
1 1 1
1 1 1
1 1 1

]. Find an invertible matrix 𝑃 and a diagonal matrix 𝐷 such 

that 𝐴 = 𝑃𝐷𝑃−1.  

 

3. (10pts) Define 𝑇: 𝑃2 → ℝ2 by 𝑇(𝒑) = [
𝒑(1)

𝒑(0)
].  

(a) Find the image under 𝑇 of 𝒑(𝑡) = 1 − 𝑡 − 𝑡2.  

(b) Find a polynomial whose image under 𝑇 is [
𝟏
𝟎

].  

(c) Find the matrix for 𝑇 relative to the basis {−1, −𝑡, 𝑡2}.  

 

4. (10pts) For what values of 𝑎, 𝑏 ∈ ℝ is the matrix [
𝑎 𝑏
𝑏 𝑎

] diagonalizable. For what values 

of 𝑎, 𝑏 ∈ ℝ is the matrix is the matrix [
𝑎 −𝑏
𝑏 𝑎

] diagonalizable? Explain your answer. 

5. (12pts) Let 𝐴 = [

2 6 2 2 4
−1 −2 −1 1 −2
5 15 5 3 14
2 7 2 2 8

]. Find a basis for Nul A, Col A, Row A 

respectively. 

6. (8pts) Consider the discrete dynamic system 𝑥𝑘+1 = 𝐴𝑥𝑘 where 𝐴 = [

3

4
𝑝

1

16

3

4

].  

(a) If 𝐴 has 2 positive real eigenvalues, for what values of 𝑝 is the origin an 

attractor? And for what values of 𝑝 is the origin a saddle point? 

(b) When −1 < 𝑝 < 0, is the origin an attractor or a repeller? Explain. 

(c) When 𝑝 = 1, we can conclude that 𝑥𝑘 = 𝑐1λ1
𝑘𝑣1 + 𝑐2λ2

𝑘𝑣2. Find λ1, λ2, 𝑣1, 𝑣2. 

(d) When 𝑝 = 1, the trajectory starting from a general point 𝑥0 = [
𝑟1

𝑟2
] is lying on a 

line 𝑙1 and will approach another line l2. Find the equation of 𝑙1 and 𝑙2. 

. 


